We prove a Marx conjecture for the closed convex hull of the family of functions which are starlike of order a and k-ío\á symmetric. We obtain precise results for the functions which are starlike, starlike of order $, and starlike with 2-fold symmetry in their power series expansions.
Introduction. Let A denote the unit disk {z:|z|<l} and let A denote the set of functions analytic in A. When A is given the topology of uniform convergence on compact subsets of A it is known [9, p. 150 ] to be a locally convex linear topological space. We recall the definition of subordination between two functions/and g analytic in A. We say/is subordinate to g, denoted f<g, if there exists an analytic function <j>(z) so that <¿(0)=0, \<p(z)\<\, and f(z)=g(<f>(z)) for z in A. We let A'denote the unit circle {x:|x| = l} and 0* denote the set of probability measures on X.
We consider the class of functions denoted by Stfc(oc) which are ¿-fold symmetric and starlike of order a. We recall that/(z) is in Stt In Theorem (1) we prove that if/e Jíf Stj.(a) then there exists a radius denoted by r(<x.,k) such that 0<r(cc, /c)^l and the range of/'(z) is contained in the range of [zl(l-zk)(2~'t")/k]' for |z|^r(oc, k). For some special cases of interest, we compute the exact value of r(a, k). We also consider the class of univalent convex mappings denoted by K. Proof. It was proven in [1] that when/e <?f Stt(a) then f{Z)=L(l-xzT-^MX)
for some peí?. We see by a short computation that
where/»(z)=z/(l _z*)(2-2ot)/*. We will prove that p'(z) has a positive radius of convexity denoted by r(a, k). The range containment will then follow, since the integral can be approximated by sums of the form n 2^k\ {2-ia)lk
.(i -x^y where A^Oand 2"=i ^=1. Since/»(z)=z+-• • satisfies the normalizations p(0)=0 and p'(0)=l, it is easy to verify that p'(z) has a positive radius of convexity which we denote by r(a, k).
Suppose that |z|>r(a, k). The radius of univalence of p(z) is strictly larger than r(cc, k). Therefore, there exist two distinct points re1*1 and re'6* where |z|=r so that
is not the image of |z|;_r under p'(z). To each number z=reie chosen so that |z|=r>r(a, k) and r is sufficiently close to r(oc, k) we may choose p to be a measure with mass \ at each of the points xx=e'lei~e) and It is easy to verify that dpjdx = 8 -10r2 + 8* ^ 0 for r ^ \ and x ^ -r.
Hence, to minimize p(x, r) we may set x=-r. We then have p(-r, r) = 2(1 + r)(r -J)(-l 4-7r -4r2)
and it is simple to show/>(-r, r)^0 for r^¿(7-^/33).
Theorem (3) . IffeJifK, then the range of zf(z) is contained in the range of z(z\(l-z))" for \z\-^\Ç-^yi).
The result is sharp.
Proof. As mentioned in remark (4) above, we know that /(z) = f z/(l -xz)dp(x) for p. in 0>. Hence zf"(z)-\x 2xz¡(\-xz)s dp(x). By Lemma 2 and the type of arguments made in the proof of Theorem (1) the result follows. Remarks. (1) This result suggests the problem of finding the largest radius r such that iffeK then z/"(z)<z(z/(l-z))" for |z|=r. By the above result r_£(7-^33).
(2) Since J^ S\.i(\)=^fK as mentioned in Remark (4) above, we actually have proven Theorem (3) for the classes K and St^).
